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Self-dual teleparallel formulation of general relativity and the positive energy theorem
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A self-dual and anti-self-dual decomposition of the teleparallel formulation of Einstein’s general relativity is
carried out and the self-dual Lagrangian of the teleparallel formulation of Einstein’s general relativity, which is
equivalent to the Ashtekar Lagrangian in vacuum, is obtained. Its Hamiltonian formulation and the constraint
analysis are developed. Starting from Witten’s equation the gauge condition of Nester and co-workers is
derived directly and a new expression of the boundary term is obtained. Using this expression and Witten’s
identity the proof of the positive energy theorem by Nester and co-workers is extended to a case including
momentum.
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I. INTRODUCTION

Recently, a specific teleparallel gravitational theory,
teleparallel formulation of Einstein’s general relativi
~TFGR!, has attracted renewed attention@1–5# owing to its
many salient features. First of all, teleparallel gravity can
regarded as a translational gauge theory@1,2,4,6,7#, which
makes it possible to unify gravity with other kinds of inte
actions in the gauge theory framework in which the elem
tary interactions are described by a connection defined
some principal fiber bundle. In this direction interesting d
velopments have been achieved in the context of Ashte
variables@8#. Mielke @7# used the teleparallel geometry o
TFGR to give a transparent description of Ashtekar’s n
variables and a proof of the positivity of total energy f
Einstein’s theory in terms of the new variables. Moreover
is proved that only for the above-mentioned choice can
Schwarzschild and the Reissner-Nordstro¨m black hole con-
figurations be recovered@1# and the Dirac spinor field be
consistently coupled toem

I @2#. However, when dealing with
supergravity and in the search for the construction of a u
fied model for the fundamental interactions, another us
route @9# is to consider Kaluza-Klein type models@10# of
supergravity as candidates. In this approach the fields
scribing the fundamental interactions~including gravity! cor-
respond to different pieces of the pseudo-Riemannian me
characterizing a higher dimensional spacetime. This
proach is considered as quite different from the former a
the relation between them has not been very clear. It is n
worthy that some teleparallel equivalents of the Kalu
Klein theory and non-Abelian Kaluza-Klein theory are d
veloped@11#, which gives us new perspectives for the stu
of unified theories.

Another advantage of TFGR concerns energy moment
its representation, positivity and localization@1,2,5#. Because
of its simplicity and transparency TFGR seems to be m
more appropriate than general relativity to deal with t
problem of the gravitational energy momentum. It is prov
that @1,2,5,12# in TFGR there exists a gravitational energ
0556-2821/2003/68~4!/044006~7!/$20.00 68 0440
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momentum tensor which is covariant under general coo
nate transformations and global Lorentz transformations.

Attempts at identifying an energy-momentum density
gravity in the context of general relativity led only to variou
energy-momentum complexes that are pseudotensors
then a new quasilocal approach that can be traced back to
early work of Penrose@13# was proposed and became wide
accepted@5,14#. According to this approach a quasilocal e
ergy momentum can be obtained from the Hamiltonian. E
ery energy-momentum pseudotensor is associated with
gitimated Hamiltonian boundary term. In terms of TFGR
geometrically natural proof of the positivity of the gravita
tional energy is obtained@5# by choosing a maximal surfac
and a vanishing shift.

Nester and co-workers have found a four-spinor formu
tion of TFGR @5#. This formulation has several virtues; i
particular, it gives a four-covariant Hamiltonian and sho
that the total four-momentum is future timelike and can
evaluated on a spacelike surface extending to future null
finity, thereby showing that the Bondi four-momentum
also future timelike. It is suggested to generalize this form
lation to self-dual representations. The chiral Lagrangian
mulation of general relativity employing two-compone
spinors has been introduced@15#. It is well known, as a self-
dual formulation of general relativity, that Ashtekar’s theo
opens new avenues to quantum gravity and plays an im
tant role in the development of modern gravitational theo
It is shown that a lot of gauge theories, gravity and sup
gravity theories have their self-dual partners@16–18#. A
question naturally arises whether there is a self-dual tele
allel gravitational theory which is equivalent to Ashtekar
theory. If it exists, can it give us some new perspectives
tensorial expression of the self- and anti-self-dual Lagra
ian of TFGR, has been given by Mielke@7#. In this paper a
self-dual TFGR, which starts from a two-spinor express
of the Lagrangian given in@7# and is equivalent to the Ash
tekar theory@8#, will be developed.

In the proof of the positive energy theorem@19# Witten
proposes a spatial Dirac equation. In the last two deca
©2003 The American Physical Society06-1
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people have been trying to understand the meaning of
equation and its solutions. In terms of an orthonormal fra
Nester and co-workers gave another proof of the posi
energy theorem@5# using teleparallel geometry under a sp
cial gauge in which the shift vanishes. Some authors fo
the relation between the orthonormal frame~triad! and the
Witten equation@20#. In this paper gauge condition of Nest
and co-workers will be derived from Witten’s equation. Fu
thermore, a proof of the positive energy theorem differ
from Nester and co-workers by a nonvanishing shift a
without maximal surface will be suggested.

In Sec. II the self-dual and anti-self-dual decompositi
of the Lagrangian of TFGR is carried out and the self-d
teleparallel Lagrangian is given. In Sec. III the Hamiltoni
formulation and the constraint algebra of the self-dual TF
is built up. Its boundary term is just the self-dual part of t
boundary term of Nester and co-workers. In Sec. IV, us
Witten’s equation the gauge condition of Nester and
workers is derived and a new expression of the bound
term is obtained. Using this expression and the Witten id
tity a proof of the positive energy theorem is shown unde
deferent gauge condition from the one of Nester and
workers in Sec. V. Finally, Sec. VI is devoted to some co
clusions.

II. SELF-DUAL AND ANTI-SELF-DUAL DECOMPOSITION
OF THE LAGRANGIAN OF THE TELEPARALLEL

FORMULATION OF GENERAL RELATIVITY

We start with a common relation between the tetradeI
m ,

the spin connectionvm
I
J, and the affine connectionG° r

nm
@1,21#

]men
I 1vm

I
Je

J
n2G° r

mneI
r50, ~1!

where I ,J, . . . 50,1,2,3 are the internal indices an
m,n, . . . 50,1,2,3 are the spacetime indices. Defining
Weitzenbok connection@1,21#

Gr
mn5eI

r]meI
n , ~2!

then Eq.~1! leads to

Gr
mn5$ m

r
n%1K° r

mn2vm
r

n , ~3!

where

vm
r

n5vm
I
JeI

reJ
n , ~4!

and $m
r

n%, K° r
mn is the Christoffel connection and the affin

contortion, respectively. By introducing the Weitzenbok to
sion

Tr
mn5Gr

mn2Gr
nm ~5!

and the Weitzenbok contortion@1,22#

Kr
mn5

1

2
~Tr

nm1Tm
r

n1Tn
r

m!, ~6!
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we can obtain from Eq.~3!

Tr
mn5T° r

mn2vm
r

n1vn
r

m , ~7!

where

T° r
mn52G° r

[mn]5G° r
mn2G° r

nm ~8!

is the affine torsion.
In this paper we concentrate on a specific telepara

theory, the so-called teleparallel formulation of general re
tivity ~TGFR! @3,22#, which corresponds to a set of specifi
values of the coupling constants~Einstein choice! @7#. The
Lagrangian of the gravitational field is

LG52
(4)e

8
~TmnlTmnl12TmnlTlnm24Tm

mlTn
n

l!, ~9!

which coincides, modulo a four-divergence, with th
Einstein-Hilbert Lagrangian, where(4)e5det(eI

m). In TGFR
the affine torsion vanishes

T° r
mn50, ~10!

and then Eq.~7! becomes

Tr
mn5vn

r
m2vm

r
n . ~11!

In the two-spinor formulation@23# the connectionvmn
r

5vAA8BB8
CC8 can be decomposed into two parts:

vAA8BB8
CC85vAA8B

CeC8
B81v̄AA8B8

C8eC
B

5vAA8BB8
1 CC81vAA8BB8

2 CC8,
~12!

where

vAA8BB8
1 CC85vAA8B

CeC8
B8 , ~13!

and

vAA8BB8
2 CC85v̄AA8B8

C8eC
B ~14!

is the self-dual and the anti-self-dual part of the connect
vAA8BB8

CC8 (A,B, . . . 50,1;A8,B8, . . . 508,18), respec-
tively. Using these results we obtain

T(c)mnlT(c)
mnl5TAA8BB8CC8T

AA8BB8CC8

54vAA8BCvAA8BC

14v̄AA8B8C8v̄
AA8B8C8

22vAB8CBvBB8AC

22v̄BA8C8B8v̄
BB8A8C8

14vAA8
ABv̄BB8

B8A8,
6-2
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T(c)mnlT(c)
lnm522vAA8BCvAA8BC

22v̄AA8B8C8v̄
AA8B8C8

13vAB8CBvBB8AC

13v̄BA8C8B8v̄
BB8A8C8

26vAA8
ABv̄BB8

B8A8,

and

T(c)
m

mlT(c)
n

n
l5vAA8

ACvAB8
AC1v̄AA8

A8C8v̄AB8
B8C8

22vAA8
ABv̄BB8

B8A8.

The LagrangianLG takes the form

LG52
(4)s

4
~4vAB8CBvBB8AC14v̄BA8C8B8v̄

BB8A8C8

24vAA8
ACvAB8

AC24v̄AA8
A8C8v̄AB8

B8C8!

5 (4)s~vAA8
ACvBA8

BC1v̄AA8
A8C8v̄AB8

B8C8

2vAB8CBvBB8AC2v̄BA8C8B8v̄
BB8A8C8!, ~15!

and splits into two parts:

LG5L G
11L G

2 , ~16!

where

L G
15 (4)s~vAA8

ACvBA8
BC2vAB8CBvBB8AC! ~17!

and

L G
25 (4)s~v̄AA8

A8C8v̄AB8
B8C2v̄BA8C8B8v̄

BB8A8C8!
~18!

is the self-dual part and the anti-self-dual part ofLG with the
determinant (4)s of the inverse SL~2,C! soldering form
sm

AA8 on the spacetime manifoldM. L G
1 and L G

2 are the
two-spinor expressions of the chiral LagrangianV i

(1) and
V i

(2) given by Mieke@7#, respectively.
Since LG consists of two invariant parts, depending

vAA8B
C and v̄AA8B8

C8, respectively, we can choose the se
dual partL G

1 as the Lagrangian which is the equivalent
the Ashtekar Lagrangian@8#, modulo a four-divergence@7#.

III. THE HAMILTONIAN FORMULATION OF THE
SELF-DUAL TELEPARALLEL FORMULATION

OF GENERAL RELATIVITY

In order to obtain the Hamiltonian of the theory a foliatio
in the spacetime manifoldM should be introduced. Assumin
that M5S3R for some space-like manifoldS, we can
choose a time functiont with nowhere vanishing gradien
(dt)m such that eacht5const surfaceS t is diffeomorphic to
S. We introduce a time flow vectortm satisfying tm(dt)m
04400
51, and we can decompose it perpendicular and paralle
S t : tm5Nnm1Nm, wherenm is the time-like normal at each
point of S t and N, Nm are the lapse function and the sh
vector, respectively. The spacetime metricgmn introduces a
spatial metricqmn on eachS t by the formula

qmn5gmn1nmnn . ~19!

In the two-spinor formalism the unit normal vectornm

5nAA8 defines an isomorphism from the space of prim
spinors to the space of unprimed spinors@8,24#,

jA5A2nAA8jA8 ,

vABCD5A2nA
A8vAA8CD , ~20!

nAB5A2nBA8nA
A85

1

A2
eAB. ~21!

In this formalism Eq.~19! reads

gABCD5qABCD1nABnCD, ~22!

or

eACeBD52eA(CeD)B1
1

2
eABeCD. ~23!

Using these results and decomposingvABCD into its symme-
try part v (AB)CD and skew-symmetry partv [AB]CD ,

vABCD5v (AB)CD1v [AB]CD , ~24!

the LagrangianL G
1 can be written as

L G
15 (4)s@v (AB)

ACvDB
DC2v (AB)CDvCBAD

2A2v'CDv (CE)
E

D#,

where

v'CD5nABvABCD . ~25!

From Eq.~1! one gets

vm
I
n5vm

I
Je

J
n52]men

I 1Gr
mneI

rª2¹°meI
n , ~26!

where¹°m is the affine covariant derivative which is just th
Christoffel covariant derivative@1# since we have assume
the vanishing affine torsion. In the two-spinor formalism~26!
reads

vCDAB52zaA¹°CDza
B .

Using the relation

nAB5
1

N
~ tAB2NAB!,

one gets
6-3



in

m
a-

e
two

-

s

G. Y. CHEE PHYSICAL REVIEW D 68, 044006 ~2003!
v'CD52
1
N zC

b zbD

•

2
1
N NABvABCD , ~27!

where

zbD

•

5tAB¹°ABzbD . ~28!

The LagrangianL G
1 becomes

L G
15 (4)s@v (AB)

ACv (DB)
DC2v (AB)CDv (CB)AD#

2 (4)s@v (AB)
ACzD

a¹° [DB]zaC2v (AB)CDzAa¹° [CB]za
D#

1 (4)s
A2
N ~zC

b zbD

•

1NABvABCD!v (CE)
E

D.

The second term can be rewritten

v (AB)
ACzD

a¹° [DB]zaC2v (AB)CDzAa¹° [CB]za
D

52
A2

N
v (AB)

AC~zBażaC1NEFvEF
B

C!

and then one obtains

L G
15Ns@v (AB)

ACv (DB)
DC2v (AB)CDv (CB)AD#

12A2s~zC
b zbD

•

1NABvABCD!v (CE)
E

D, ~29!

where

s5
(4)s

N
5detsm

AB5
1

N
A2g. ~30!

The canonical momentum conjugate tozbD

•

is

p̃bD5
]L G

1

]zbD

•

52sA2zC
bv (CE)

E
D. ~31!

Here v (AB)
CD is just Ashtekar’s variable which appears

the canonical momentum conjugatep̃bD to zbD and is related
to p̃bD by

v (AC)
C

B52
1

2sA2
za

Ap̃aB. ~32!

This result is similar to the result given by Mielke@7# in
which Ashtekar’s variable is identified with the momentu
canonically conjugate to the ‘‘triad densities.’’ The gravit
tional Hamiltonian can be computed

HG5 p̃bD zbD

•

2L G
1

5s@NH'1NABHAB1¹°(AB)B
AB#,

where
04400
H'5v (AB)CDv (AB)CD2
1

A2
v (AB)

ACzb
Bp̃b

C

1
1

2A2
¹°(AB)~zb

Bp̃bA!1
1

2A2
zb

Bp̃bA¹°(AB)ln N

2
A2

N
v (AB)

EC¹°(AB)N
CE, ~33!

HAB5A2s@2¹°(CD)v
(CD)

AB12v (CD)
BEv (CD)A

E#

2zb
Cp̃bDv (AB)CD , ~34!

and

B̃(AB)52
1

2
~Nsv (CB)A

C1Nsv (CA)B
C!

2A2sNCDv (AB)
DC . ~35!

HereB̃(AB) is just the self-dual part of the boundary termB̃m

given by Nester and co-workers@5#.
By following the Dirac constraint analysis we find that th

theory has the same constraint structure. There are only
constraints, the scalar constraint

H'50,

and the vector constraint

HAB50.

The phase space (GTG ,VTG) of the teleparallel gravity is
coordinated by the pair (zbD ,p̃bD) and has symplectic struc
ture

VTG5E
S
dp̃bD`dzbD . ~36!

By constructing the constraint functions by smearingH' and
Hi with test fieldsN andNi on S following the approach of
Ashtekar@8#,

C~N!5E
S
NH' ,

C~NW !5E
S
NABHAB ,

we find that in the case] iN
i50, the constraint algebra i

given by

$C~N!,C~M !%5C~LtWM !2C~LtWM !, ~37!

$C~N!,C~M !5C~LNW M !, ~38!

and

$C~NW !,C~MW !5C~LNW MW !5C~@NW ,MW # !. ~39!
6-4
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These equations indicate that the constraint algebra is cl
and the constraintsC(N) andC(N) are first class, which is
very similar to the case in general relativity. The first cla
constraints C(N) and C(NW ) generate the correspondin
gauge transformations, the spacetime translations. We
shown that the constraint algebra of the teleparallel gra
has the same structure as that of general relativity.

IV. WITTEN-NESTER GAUGE CONDITIONS

Introducing the Lorentz covariant derivative ofeI
n by

¹meI
n5]men

I 1vm
I

Jen
J ,

then we have

vm
r

n5eI
reJ

nvm
I
J5eI

r~¹meI
n2]men

I !.

Using the dyad

z0A5oA , z1A5iA , zA052iA, zA15oA, ~40!

and supposing

o A5
1

x
l A, i A5

1

x
l †A, ~41!

one obtains

vCDAB5zaA~¹CDza
B2]CDza

B!

5
1

x2
~l A

†¹CDlB2lA¹CDl B
†2l A

†]CDlB

1lA]CDl B
† !, ~42!

and then

v (CB)A
C1v (CA)B

C5
1

x2
~l †A¹ (CB)lC2lA¹ (CB)l C

†

1l †B¹ (CA)lC2lB¹ (CA)l C
†

2l †A] (CB)lC1lA] (CB)l C
†

2l †B] (CA)lC1lB] (CA)l C
† !.

Suppose the spinorslA and its conjugatel̄A8 are the solu-
tions of the Witten equation

¹ (AB)l
A50, ~43!

and

¹ (A8B8)l̄
A850. ~44!

The latter leads to

¹ (AB)l
†A5

1

A2
KlB

† . ~45!
04400
ed

s

ve
y

Using Eqs.~40! and ~42! one can compute

v (CB)A
C1v (CA)B

C52
1

A2x2
K~lBl †A1lAl †B!

2
1

x2
~l †A] (CB)lC2lA] (CB)l C

†

1l †B] (CA)lC2lB] (CA)l C
† !. ~46!

Introducing the triad on the spacelike hypersurfaceS:

e1
AB5

1

A2
~ma2m̄a!5

1

A2x2
~lAlB1l†Al†B!,

e2
AB5

2 i

A2
~ma1m̄a!5

2 i

A2x2
~lAlB2l†Al†B!,

e3
AB5

1

A2
~ l a2na!5

1

A2x2
~lAl†B1l†AlB!,

~47!

one can compute

] (AB)e1AB522x21] (AB)xe1AB1
A2

x2
~lA] (AB)lB

1lA
†] (AB)lB

† !,

~v (CB)A
C1v (CA)B

C!e1AB52
A2

x2
~lA] (AB)lB1lA

†] (AB)lB
† !

522x21] (AB)xe1AB2] (AB)e1AB

52]1ln x22] (AB)e1AB .

By the same way one gets

~v (CB)A
C1v (CA)B

C!e2AB52]2ln x22] (AB)e2AB ,

~v (CB)A
C1v (CA)B

C!e3AB52]3ln x22] (AB)e3AB1K.

Then we have

qI5v j I
1 j5~v (CB)A

C1v (CA)B
C!eIAB

52] I ln x22] (AB)eIAB1d I3K ~ I 51,2,3!. ~48!

This is just the gauge condition of Nester and co-work
with a correct term] (AB)eIAB .
6-5
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V. WITTEN IDENTITY AND POSITIVITY
OF GRAVITATIONAL ENERGY

Using Eq.~42! one can compute

2Njv1 i
' j52A2NCDv (AB)

DC

52
A2

x2
NCD@lC¹ (AB)lD

† 2l C
† ¹] (AB)lD#

1
A2

x2
NCD@lC] (AB)lD

† 2l C
† ] (AB)lD#.

Supposing

NCD52
1

A2
l (†ClD), ~49!

we have

2Njv1 i
' j5A2NCDnC

Ev (AB)
DE

5l†C¹ (AB)lC2l†C] (AB)lC .

If we choose

N5lAl†A5x2, ~50!

the integral of the boundary term~35! reads

R
S
B̃(AB)dSAB52

1

2 R
S
s~Nv (CB)A

C1Nv (CA)B
C!dSAB

12 R
S
sNCDnC

Ev (AB)
DEdSAB

5 R
S
sx2~] I ln x21] (AB)eIAB!dSI

1 R
S
sKdS3 R

S
s$l†C¹ (AB)lC

2l†C] (AB)lC%dSAB . ~51!

Using the Witten identity@19#

R
S
sl†A¹ilAdSi52E

S
s~¹ (BC)lA!†~¹(BC)lA!dV

14pGE
S
sl†A~T00lA1A2T0ABlB!dV,

~52!
e
J.

.

04400
one finds

R
S
B̃(AB)dSAB5

1

2A2
R

S
sK~lBl †A1lAl †B!dSAB

1
1

2 R
S
s~l †A] (CB)lC2lA] (CB)l C

†

1l †B] (CA)lC2lB] (CA)l C
† 2l†C] (AB)lC!

3dSAB2E
S

s~¹ (BC)lA!†~¹(BC)lA!dV

14pGE
S
sl†A~T00lA1A2T0ABlB!dV,

~53!

which leads the positivity of the gravitational energy in t
asymptotically flat boundary condition in space infinity. It
to be noted that we do not use the gaugeNAB50 of Nester
and workers. Instead we suppose the equation~49!, which
means that the proof of Nester and co-workers is extende
the case including momentum. The gauge condition
Nester and co-workers plays a role only in the lapse par
the boundary term, while the Witten equation plays roles
only in the lapse part but also in the shift part of the boun
ary term in the proof of the positive energy theorem.

VI. CONCLUSIONS

Expressing the chiral Lagrangian given by Mielke
terms of two-spinors, a self-dual teleparallel formulation
general relativity is developed. Its Lagrangian is equival
to the Ashtekar Lagrangian. The basic dynamic variables
the dyad spinorszaA . The Ashtekar connection appears
the canonical momentump̃aA conjugate tozaA . In the
Hamiltonian formulation of this theory the gauge conditio
of Nester and co-workers can be derived from the Wit
equation directly and a new expression for the bound
term, which is the self-dual part of the boundary term
Nester and co-workers, is obtained. Using this expression
proof of the positive energy theorem by Nester and
workers can be extended to a case that includes momen
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