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Self-dual teleparallel formulation of general relativity and the positive energy theorem
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A self-dual and anti-self-dual decomposition of the teleparallel formulation of Einstein’s general relativity is
carried out and the self-dual Lagrangian of the teleparallel formulation of Einstein’s general relativity, which is
equivalent to the Ashtekar Lagrangian in vacuum, is obtained. Its Hamiltonian formulation and the constraint
analysis are developed. Starting from Witten’s equation the gauge condition of Nester and co-workers is
derived directly and a new expression of the boundary term is obtained. Using this expression and Witten’s
identity the proof of the positive energy theorem by Nester and co-workers is extended to a case including

momentum.
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I. INTRODUCTION momentum tensor which is covariant under general coordi-

nate transformations and global Lorentz transformations.

Recently, a specific teleparallel gravitational theory, the Attempts at identifying an energy-momentum density for
teleparallel formulation of Einstein’s general relativity gravity in the context of general relativity led only to various
(TFGR), has attracted renewed attentidn-5] owing to its  energy-momentum complexes that are pseudotensors and
many salient features. First of all, teleparallel gravity can bethen a new quasilocal approach that can be traced back to the
regarded as a translational gauge theldn?,4,6,1, which  early work of Penrosgl3] was proposed and became widely
makes it possible to unify gravity with other kinds of inter- accepted5,14]. According to this approach a quasilocal en-
actions in the gauge theory framework in which the elemenergy momentum can be obtained from the Hamiltonian. Ev-
tary interactions are described by a connection defined osry energy-momentum pseudotensor is associated with a le-
some principal fiber bundle. In this direction interesting de-gitimated Hamiltonian boundary term. In terms of TFGR a
velopments have been achieved in the context of Ashtekageometrically natural proof of the positivity of the gravita-
variables[8]. Mielke [7] used the teleparallel geometry of tional energy is obtainefb] by choosing a maximal surface
TFGR to give a transparent description of Ashtekar’s newand a vanishing shift.
variables and a proof of the positivity of total energy for  Nester and co-workers have found a four-spinor formula-
Einstein’s theory in terms of the new variables. Moreover, ittion of TFGR[5]. This formulation has several virtues; in
is proved that only for the above-mentioned choice can thearticular, it gives a four-covariant Hamiltonian and shows
Schwarzschild and the Reissner-Nordstrblack hole con-  that the total four-momentum is future timelike and can be
figurations be recoverefl] and the Dirac spinor field be evaluated on a spacelike surface extending to future null in-
consistently coupled te'M [2]. However, when dealing with finity, thereby showing that the Bondi four-momentum is
supergravity and in the search for the construction of a unialso future timelike. It is suggested to generalize this formu-
fied model for the fundamental interactions, another usudition to self-dual representations. The chiral Lagrangian for-
route [9] is to consider Kaluza-Klein type modeJ40] of  mulation of general relativity employing two-component
supergravity as candidates. In this approach the fields despinors has been introducgtb]. It is well known, as a self-
scribing the fundamental interactioficluding gravity cor-  dual formulation of general relativity, that Ashtekar’s theory
respond to different pieces of the pseudo-Riemannian metriopens new avenues to quantum gravity and plays an impor-
characterizing a higher dimensional spacetime. This aptant role in the development of modern gravitational theory.
proach is considered as quite different from the former andt is shown that a lot of gauge theories, gravity and super-
the relation between them has not been very clear. It is notegravity theories have their self-dual partndi6—-18. A
worthy that some teleparallel equivalents of the Kaluza-question naturally arises whether there is a self-dual telepar-
Klein theory and non-Abelian Kaluza-Klein theory are de-allel gravitational theory which is equivalent to Ashtekar’s
veloped[11], which gives us new perspectives for the studytheory. If it exists, can it give us some new perspectives? A
of unified theories. tensorial expression of the self- and anti-self-dual Lagrang-

Another advantage of TFGR concerns energy momenturmian of TFGR, has been given by Mielk&]. In this paper a
its representation, positivity and localizatigh2,5). Because self-dual TFGR, which starts from a two-spinor expression
of its simplicity and transparency TFGR seems to be muclof the Lagrangian given if7] and is equivalent to the Ash-
more appropriate than general relativity to deal with thetekar theory{8], will be developed.
problem of the gravitational energy momentum. It is proved In the proof of the positive energy theordrm9] Witten
that[1,2,5,19 in TFGR there exists a gravitational energy- proposes a spatial Dirac equation. In the last two decades
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people have been trying to understand the meaning of thiwe can obtain from Eq.3)

equation and its solutions. In terms of an orthonormal frame .

Nester and co-workers gave another proof of the positive T =T, to,l,, 7

energy theorenp5] using teleparallel geometry under a spe-

cial gauge in which the shift vanishes. Some authors foundvhere

the relation between the orthonormal frarfiead) and the 3 3 . .

Witten equatiorj20]. In this paper gauge condition of Nester T, =207, =17, —T",, (©)]

and co-workers will be derived from Witten's equation. Fur-

thermore, a proof of the positive energy theorem differents the affine torsion.

from Nester and co-workers by a nonvanishing shift and In this paper we concentrate on a specific teleparallel

without maximal surface will be suggested. theory, the so-called teleparallel formulation of general rela-
In Sec. Il the self-dual and anti-self-dual decompositiontivity (TGFR) [3,22], which corresponds to a set of specific

of the Lagrangian of TFGR is carried out and the self-dualvalues of the coupling constantginstein choicg[7]. The

teleparallel Lagrangian is given. In Sec. Il the Hamiltonian Lagrangian of the gravitational field is

formulation and the constraint algebra of the self-dual TFGR

is built up. Its boundary term is just the self-dual part of the

boundary term of Nester and co-workers. In Sec. 1V, using

Witten’s equation the gauge condition of Nester and co-

workers is derived and a new expression of the boundaryhich coincides, modulo a four-divergence, with the

term is obtained. Using this expression and the Witten idenEinstein-Hilbert Lagrangian, whef@e= det(e'#). In TGFR

tity a proof of the positive energy theorem is shown under ahe affine torsion vanishes

deferent gauge condition from the one of Nester and co-

workers in Sec. V. Finally, Sec. VI is devoted to some con- TP =0, (10

clusions.

(e
Lo=— g (TunTH 2T, THH—4T#, T, (9)

and then Eq(7) becomes
Il. SELF-DUAL AND ANTI-SELF-DUAL DECOMPOSITION TP —w P —w P 11
OF THE LAGRANGIAN OF THE TELEPARALLEL ur = Oy T Opty (11)

FORMULATION OF GENERAL RELATIVITY . . .
In the two-spinor formulatiorj23] the connectiorw ,,”

We start with a common relation between the temé,g, :wAA,BB,CC’ can be decomposed into two parts:
the spin connectionw,';, and the affine connectioh” , , — ,
[1,21] . ” wAA’BB/CC :@)AA'BCGC B’+wAA’B’C GCB
o _ cc' - cc’
%elﬂ‘ 0, e, ~T7,e,=0, (1) Opage T @apee
(12)
where 1,J,...=0,1,2,3 are the internal indices and h
m,v, ...=0,1,23 are the spacetime indices. Defining theVNere
Weitzenbok connectiofil,21] + ' '
wAA,BB, cC = a)AArBCEC B’ s (13)
— |
re,,=e’de,, (2 and
then Eq.(1) leads to B cor — ¢ o
Wapagpr  — @AAB €7B (14

7= {0 K, =00, ® . .
pr =Lt TR 0, is the self-dual and the anti-self-dual part of the connection
where wanps® (AB,...=0,1A'B’,...=0",1), respec-
tively. Using these results we obtain

— |
a)’u”,,—w” Je|peJV, (4)

T T TAA'BB'CC’
° . . . i (e ur (c) AA'BB/CC’
and{”,}, K”,, is the Christoffel connection and the affine

contortion, respectively. [ i [ - '

( , p y. By introducing the Weitzenbok tor = 4w p g™ BC

sion
+4;AA/B/C/EAA,B,C'

TPMV:FpMV_FpV,u (5) ,
. . _ZwAB’CBwBB Ac

and the Weitzenbok contortidrl,22] - o

_ZwBA/C/B/(J)BB A'C

B'A’

1
P =_(TP p p _
K mv 2(T V,U,+T;L V+TV w’ (6) +4wAA’ABwBB' ,
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T Thr—_9 AA'BC =1, and we can decompose it perpendicular and parallel to
(c)urh (C) @aaBc® S, : tA=Nnt+ N# I i i
¢+ t*=Nn*+ N#, wheren* is the time-like normal at each
zwAA,B,C,wAA B'C’ point of 3; and N, N* are the lapse function and the shift
, vector, respectively. The spacetime megig, introduces a
+3wap cpwt? AC spatial metricg,, on eachS, by the formula
+3wppcrg BB AC Auv=0u,tN.n,. (19
—6wanPwpgg®?, In the two-spinor formalism the unit normal vector*
=n**" defines an isomorphism from the space of primed
and spinors to the space of unprimed spinf8s24),
T'Elé) I‘L)\TE}C) V}\:wAArACwAB AC+ (UAA/A ¢ w B'C’ gA: \/EnAArgA, ,
_2(1) /ABE /B,A’ ’
A B8 wasco=V2Na" wanrco, (20
The LagrangianCg takes the form
, 1
@e — _ nAB=2nBAnA, =—— "B, (21)
‘CG: - _4 (40)ABrCBwBB AC+ 4&)BA!C/B/(1)BB A'C \/E
, - = In this formalism Eq.(19) reads
—4wAArACwAB AC—4wAA,A c (,L)AB B’C’)
B B gABCD_ qABCD+ nAB CD (22)
= (A)O'(Q)AArACwBA BC+ wAA,A c (,L)AB B'C’ or
— wpprcaw®® A wpacig PP AT, (15 1
o AC_BD_ _ _A(C_D)B, — _AB_CD
and splits into two parts: € € ey eTer (23
Le=LS+Lg, (16)  Using these results and decomposingscp into its symme-

try part oagycp and skew-symmetry pat;agcp
where

, , ®WaBCcD= W(AB)CDT @W[ABICD (24
L= Do(wpp" 0 go— wpprcaw®® ) (17) o .
the LagrangiarnC g can be written as

and

+_ (4 AC_ DB CBAD
) —  AC—aB —ap' AT Lg= ( )O'[w(AB) W~ "pcT WAB)CDW
‘CG:( )(T((UAA/ w B'C— wBArchrw )

(18 —V20, cpw®FEP],

is the self-dual part and the anti-self-dual part’ef with the ~ Where
determinant g of the inverse S[2,C) soldering form
o, on the spacetime manifoll. £ and £ are the
two -spinor expressions of the chiral Lagrang\iq(ﬁ) and  From Eq.(1) one gets
V( ) given by Mieke[7], respectively. .
Smce Lg conS|sts of two invariant parts, depending on w,) =0, e, =—0d,e +I7, e =-Ve, (26
wanp® and wAA/B/ , respectively, we can choose the self-
dual partLG as the Lagrang|an which is the equivalent of WhereV is the affine covariant derivative which is just the

_ . AB
®, cp=N"wapch- (25

the Ashtekar Lagrangiaf8], modulo a four-divergencgr]. Chrlstoffel covariant derivativ¢l] since we have assumed
the vanishing affine torsion. In the two-spinor formali&)
Ill. THE HAMILTONIAN FORMULATION OF THE reads
SELF-DUAL TELEPARALLEL FORMULATION o .
OF GENERAL RELATIVITY wcpas™ ~ {aaVen{B-

In order to obtain the Hamiltonian of the theory a foliation Using the relation
in the spacetime manifoldl should be introduced. Assuming
that M=% XR for some space-like manifold&, we can AB
choose a time function with nowhere vanishing gradient n
(dt),, such that each=const surfac&., is diffeomorphic to
2. We introduce a time flow vectar* satisfyingt“(dt), ~ one gets

:é(tAB_ NAB),
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1 : 1
0, cp=— N{c” Lo~ gN*Pwasco. (27)
where
Lbp=1t"PVapLpp - (28)

The LagrangiarC & becomes
C(Jg = (4)0.[w(AB)ACw(DB)DC_ w(AB)CDw(CB)AD]
- (4)U[w(AB)AC§Da%[DB] fac™ w(AB)CDgAa%[CB] {a°]
+ (%ﬁ(écb Lop+ N*Pwpgcp) o CFEP.
The second term can be rewritten
w(AB)Acha%[DB] fac™ w(AB)CDgAa%[CBlgaD

2 .
=- Ww(AB)AC(iBagac+ NEFwer Be)

and then one obtains
Cg = NU[w(AB)ACw(DB)Dc_ w(AB)CDw(CB)AD]

+220(Lc” Lot N Bwppcp) 0 CFE, (29

where

1
o= WzdetO'MABZN\/—g. (30

The canonical momentum conjugatedig is
L
249
=202{Pw(CBLP. (31)

BbD
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1 ~
H, = o(ap)cpo B P - E o e CLoP°c

1 o ~ 1 i~ o

+—=V, PP + —=2,"p" Vag)INN

22 aB)({p-P"") 2\/§§b P~ V(ap)
\2

- Ww(AB)ECV(AB)NCEa (33

Hap=20[ — Vicoyo P ag+ 20 Pgewcp)atl

- gbCBbDw(AB)CD! (34)
and
~ 1
B(AB) = — E(Naw<CE‘>AC+ Now(©WB)
—\20NCPW 1B, (35

HereB*®) is just the self-dual part of the boundary teBti
given by Nester and co-workef5].

By following the Dirac constraint analysis we find that the
theory has the same constraint structure. There are only two
constraints, the scalar constraint

HL bl O,
and the vector constraint
HAB: O

The phase spacd’'¢g,{)1g) of the teleparallel gravity is

coordinated by the pairl{,p ,p°®) and has symplectic struc-
ture

Qre= fEdeD/\dng- (36)

By constructing the constraint functions by smearkig and
‘H; with test fieldsN andN' on X, following the approach of

Here w(ap)CP is just Ashtekar’s variable which appears in Ashtekar(8],

the canonical momentum conjugai®® to ¢, and is related

to p°° by

1
20'\/5

This result is similar to the result given by Mielk&] in

wAC) B

{ap8. (32

which Ashtekar’s variable is identified with the momentum .;
canonically conjugate to the “triad densities.” The gravita-

tional Hamiltonian can be computed
He=p" L= L&
= o[ NH, +NABH g+ Va5 B ®],

where

C(N)=LNHL,

C(N)Zf NABH g,
3

we find that in the caseN'=0, the constraint algebra is
given by

{C(N),C(M)}=C(L{M)—C(L;M), (37)
{C(N),C(M)=C(LgM), (39)

and
{C(N),C(M)=C(LgM)=C([N,M]). (39)
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These equations indicate that the constraint algebra is closédsing Eqs.(40) and (42) one can compute

and the constraint€(N) and C(N) are first class, which is
very similar to the case in general relativity. The first class

constraints C(N) and C(Kl) generate the corresponding

1
G)(CB)AC+Q)(CA)BC=_ ZK()\B)\ TA+ }\A)\ TB)

gauge transformations, the spacetime translations. We have X
shown that the constraint algebra of the teleparallel gravity

has the same structure as that of general relativity.
IV. WITTEN-NESTER GAUGE CONDITIONS
Introducing the Lorentz covariant derivative &f, by
| — | | J
v.e,=d,.e,+ w08,
then we have
o,f,=efe 0, 1=V, e, —d.e).

Using the dyad

{oa=0a, Gia=ta, PO=-A M=0R (40
and supposing
1 1
oA==\A, A=A (41)
X X
one obtains
wcpas=Laa(Vepl®s—dcpl®s)
1 T T T
= F()\ AVepAs—AMaVeph =M adcphs
+Nadcp b), (42)

and then
(CB)A (CAB 1 tAp (CB) Ap(CB)y t
w C+(U C:P()\ V )\C_)\ V }\C

+\ TBY(CAN - \BY(CA\ ]
— X TAGCENC+NAGCEN |

— N TBHCAN+ABHCAN L),

Suppose the spinors” and its ConjugateTA/ are the solu-
tions of the Witten equation

Vagh =0, (43
and
V(A/B/)YA’ZO. (44)
The latter leads to
Viag MA=iK>\* . (45)
(AB) \/E B

_ iz()\ TA&(CB))\C_)\Aa(CB))\ E
X
+NTBICAN—ABHCANL).  (46)

Introducing the triad on the spacelike hypersurface

elAB: E(ma_aa)_ \/_ 2()\A)\B+)\TA)\TB)
eZAB: E(ma—’_ ma)_ \/_ 2 )\A)\B )\TA)\TB)
e3AB= E(la_ na)_ \/_ 2()\A)\TB+)\TA)\B)

(47)

one can compute

V2
I"Peipp=—2x"19"P xerapt — (MadAPNg
X

+ARIABND),

V2
(0Pt 0 MBc)e pp=— ?(AA&(AB)?\B"‘ NadAONE)

~1,5(AB)

=—2x xeins— 9" Peiap

= - alln Xz_ &(AB)elAB .

By the same way one gets

(CBIA_ 4 ,(CAB

(w c)€np= — 5l x2—d*Beyap,

(0 CBA+ (CMB ) egpp= — daln x*— 0 APegpg +K.

Then we have

q,= +J_(w(CB)A +w(™Bc)e g

=—gInx>— " Be g+ 83K (1=1,2,3. (49

This is just the gauge condition of Nester and co-workers

with a correct termy*®e 55 .
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V. WITTEN IDENTITY AND POSITIVITY
OF GRAVITATIONAL ENERGY

Using Eq.(42) one can compute

_ Njw+i“: _ \/ENCD(U(AB)DC

V2
=~ 5 NOPA VAN N EV RO ]
X
‘/5 CcD (AB)y T t o(AB)
+ — NOPIAIMONG =N caPONp].
X
Supposing
1
NCP=— —\(TC\D), (49)
V2
we have

_ Njw+iij _ \/ENCDnCEw(AB)DE
— )\TCV(AB))\C_ )\TC&(AB)}\C _
If we choose
N=NATA= 2, (50)

the integral of the boundary ter(85) reads

_ 1
§ BE9S,0=— 5 § o (NGt No (N dS,
+2 é UNCDncEw(AB)DEdSAB
S
- iaxz(r?u In x?+3"Fejrg)dS

+ é oKdS® é aNTEVAB) ¢
s s

—\TCHABN }dSsg. (52)
Using the Witten identityf19]

io)\TAVi)\AdS' = 2J2 a(VENY(Viggha)dV

+47G f N (Tooh o+ V2T oasAB)dV,
3

(52
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one finds

N 1
ff; B<AB>dsAs:ﬁ 3€ oKX AN\ TB)dS,g
s S

1
+35 jgsa(x TAGCBIN—NAJCEN {
)\ TBO»,(CA))\C_ ABg(CA\ é_ )\TC&(AB))\C)

xdsAszf a(VENY T (Viggha)dV
3

+4’7TGf U)\TA(TO())\A"‘ \/ETOAB)\B)dV,
3

(53

which leads the positivity of the gravitational energy in the
asymptotically flat boundary condition in space infinity. It is
to be noted that we do not use the galdfff=0 of Nester

and workers. Instead we suppose the equat#t$), which
means that the proof of Nester and co-workers is extended to
the case including momentum. The gauge condition of
Nester and co-workers plays a role only in the lapse part of
the boundary term, while the Witten equation plays roles not
only in the lapse part but also in the shift part of the bound-
ary term in the proof of the positive energy theorem.

VI. CONCLUSIONS

Expressing the chiral Lagrangian given by Mielke in
terms of two-spinors, a self-dual teleparallel formulation of
general relativity is developed. Its Lagrangian is equivalent
to the Ashtekar Lagrangian. The basic dynamic variables are
the dyad spinorg 5. The Ashtekar connection appears in

the canonical momentunp®® conjugate tolaa. In the
Hamiltonian formulation of this theory the gauge condition
of Nester and co-workers can be derived from the Witten
equation directly and a new expression for the boundary
term, which is the self-dual part of the boundary term of
Nester and co-workers, is obtained. Using this expression the
proof of the positive energy theorem by Nester and co-
workers can be extended to a case that includes momentum.
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